We consider collision of two geodesic particles near the lightlike surface (black hole horizon or naked singularity) of such an axially symmetric rotating or static metric that the coefficient g φφ → 0 on this surface. It is shown that the energy in the centre of mass frame E c.m. is indefinitely large even without fine-tuning of particles' parameters. Kinematically, this is collision between two rapid particles that approach the horizon almost with the speed of light but at different angles (or they align along the normal to the horizon too slowly). The latter is the reason why the relative velocity tends to that of light, hence to high E c.m. . Our approach is model-independent. It relies on general properties of geometry and is insensitive to the details of material source that supports the geometries of the type under consideration. For several particular models (the stringy black hole, the BransDicke analogue of the Schwarzschild metric and the Janis-Newman-Winicour one)
first, this was obtained for the Kerr black hole but later on, it was shown that this is a generic feature of rotating black holes [2] . Typically, E c.m. remains modest. It grows unbounded under special conditions only. Namely, one of particles should have special relation between the energy and the angular momentum (so-called critical particle), whereas another one should be not fine-tuned (so-called usual) -see aforementioned papers for details.
Meanwhile, several papers appeared in which it was found that unbounded E c.m. can be obtained without fine-tuning at all! As there is a sharp contrast (or even seeming contradiction) between these results and the standard picture described in the first paragraph, special explanation is needed here. In [3] , unbounded E c.m. were obtained for the naked singularities described by the Janis-Newman-Winicour metric. In [4] , this was obtained for stringy black holes and in [5] for the Brans-Dicke analogue of the Kerr black hole (so-called BDK metric [6] ). Thus very different metrics and completely different types of spacetime (naked singularities and black holes) give the same results and this appeals to explanation.
In the present paper, we consider "dirty" black holes (see, e.g. [7] ) and develop a general approach that handles such cases independently of the details of a metric and material source that supports it. This approach agrees with previous particular results. The type of spacetime under consideration extends the set of geometries for which the high energy collisions are possible.
Throughout the paper, we put fundamental constants G = c = 1.
II. METRIC, EQUATIONS OF MOTION
We consider the general metric of the form
in which all metric coefficients do not depend on t and φ. Therefore, the energy E = −mu 0 and the angular momentum L = mu φ are conserved, where m is the particle's mass,
is the four-velocity, τ is the proper time. In what follows, we consider motion within the
only. Then, we redefine the radial coordinate in such a way that
The equations of motion for geodesics read
where σ = ±1 depending on the direction of radial motion,
III. GENERAL FORMULAS FOR COLLISION
Let two particles 1 and 2 collide. The energy in their centre of mass frame is equal to
where
is the Lorentz gamma factor of relative motion.
We assume that in (5) σ 1 = σ 2 = −1 that is typical of particle motion near black holes.
Then, it follows from (2) -(6) that
IV. NEAR-HORIZON COLLISIONS OF USUAL PARTICLES
If the black hole horizon exists, it is located at N = 0. We include into consideration also singularities for which N = 0. Although, strictly speaking, such a surface cannot be called a horizon, we will use for brevity the term "horizon" both in the regular and singular cases. According to [1] and its generalization in [2] , if collision occurs at the point with small N, the factor γ can be indefinitely large, provided one of particles is fine-tuned ("critical") whereas another one ("usual") is not. In doing so, it was tacitly assumed that g φ remains nonzero.
But let us consider another case, when simultaneously N → 0 and
We will be interested in collision of usual (not fine-tuned) particles. We denote
Then, for collision at the point with small N, we have
It can be also rewritten in the form
useful for small b (see below).
Introducing α i (i = 1, 2) according to
we can rewrite (11) as
Now, we consider two different limiting cases depending on the near-horizon behavior of b.
If g φ is finite on the horizon, the quantity γ is finite as well according to (13) . This is in accord with the fact that collision of two usual particles cannot produce unbounded E c.m.
[2]. However, for extremely small g φ , this rule is not valid anymore and, according to (13), we obtain indefinitely large γ.
For nonzero L 1,2 this is impossible since it is seen from (6) (14) finite. Then, eqs. (15), (16) retain their validity. Now, we can neglect L i in (3), so X i ≈ E i .
C. Collision in the turning point
Let near-horizon collision occur in the turning point (say, for particle 1). Then,
Taking for definiteness L 1 > 0 we have
Let this be the turning point for particle 2 as well. Then, if
It is of interest to elucidate the underlying reason that gives rise to unbounded γ for near-horizon collisions in the case (10) . For the standard BSW effect, with g φ separated from zero, it turned out that it is due to collision between the slow fine-tuned particle and a rapid usual one [8] . But now both particles are usual, no fine-tuning is assumed. Therefore, the explanation of unbounded γ should be different from that given in [8] .
A. Basic kinematic formulas
To make presentation self-contained, below we repeat and somewhat enlarge derivation of basic formulas made in [8] . Let us introduce the tetrad basis h (a)µ that corresponds to the frame of the zero-angular momentum observer (ZAMO) [9] . Then,
Here, x µ = (t, r, θ, φ). If one identifies h (0)µ with the four-velocity U µ of such an observer, it is seen from (19) that U φ = 0, so this does correspond to the ZAMO. The proper time of the observer under discussion can be obtained according to dτ obs = −dx µ U µ . Then, one can define the tetrad spatial components of the velocity of a particle:
We apply these formulas to the equatorial motion θ = π 2 with A = N 2 . Using (2), (3) and (19) - (22) we obtain
It follows from (4) and (22) that
Eq. (23) gives us
Taking into account (5) and (20) with A = N 2 , we have the component in the radial direction
Then, calculating the absolute value
, we obtain
The gamma factor (8) can be written in the form
where w has the meaning of relative velocity. Then,
(see, for example, problem 1.3. in [10] ).
B. Behavior of a velocity near the horizon
Now, we will use the above general formulas for the analysis of particles' motion near the horizon, when N → 0. For the angle β between different components of the velocity we have for small N:
Near the horizon, eqs. (27), (28) give us
Thus V 1 → 1, V 2 → 1. Meanwhile, the mutual orientation of particles' velocities depends on b. Now, we will consider different cases separately.
We see from (34) that
and it follows from (31) that β = 0. Eq. (30) entails that w → 1, so γ → ∞. Thus the underlying reason of the effect is that particles approach the horizon under different angles β. This is in sharp contrast with the case of nonzero g φ when any usual particle hits the horizon perpendicularly with the speed approaching that of light that leads to w < 1 [8] and finite γ in (29).
In the case under discussion, both particles approach the horizon with the speed of light as well, so both of them are rapid. However, because of vanishing g φ and nonzero b, the projection of, say, velocity of particle 2 onto the direction of motion of particle 1 is less than 1, so this piece of motion is slow. Then, we have collision between a rapid particle and (in this sense) slow one.
There is no need to distinguish case of finite b and b → ∞ (with |bL i | < X i according to (14) ). Explanation in question applies to both of them.
It follows from (34) that
so the situation is somewhat different. It is seen from (31) that β → 0, any particle hits the horizon perpendicularly as in the standard case [8] . However, there is also a big difference here. It is seen from (30) that whether or not w → 1 is determined by the competition of two factors -the rate with which the absolute value of each particle approaches the speed of light and the rate of mutual alignment of particles' velocities. In the standard case, both rates are the same. Indeed,
. As a result, according to (30), w is separated from 1 and the effect of unbounded E c.m. for two usual particles is absent. Meanwhile, in our case, because of the small factor g φ in the expression for b, particles tend to be aligned more slowly. As a result, w → 1. One can say that although β → 0, some "memory" about small nonzero β (i.e. direction of motion) still remains.
The role of small g φ is displayed if one writes the explicit expression for w near the horizon. It follows from (30), (33) and (36) that
It is seen that just the small factor g φ is responsible for the result w → 1. If, instead, we put g φ separated from zero, w turns out to be separated from 1, so the effect of unbounded γ and E c.m. is absent.
One reservation is in order. There is an exceptional case when
everywhere. In this case, the main term in the near-horizon expansion of γ having the order
The next terms contain
, so for unbounded γ it is necessary that g φ tend to zero faster than N.
E. Finite nonzero versus vanishing g φ : comparison
It is instructive to summarize the observations made above and compare them to the standard BSW effect due to particle collision near the horizon with g φ = 0. In the standard case, one particle should be critical in the sense that X H = 0 for it [1] , [2] . Taking into account definition (3), one obtains E = Ω H L. Therefore, and one is led to conclusion that rotation is the necessary ingredient for this phenomenon. From another hand, for g φ → 0, the spacetime can be static, rotation is not necessary at all since, according to the explanation above, a small factor g φ does the job. And, both particle are usual now, so X H = 0 for each of them.
This can be displayed in Table 1 .
Rotation necessary unnecessary
Particles one critical and one usual two usual Table 1 . Comparison of conditions that lead to unbounded E c.m. depending on g φ on the horizon.
VI. EXAMPLES
In this section, we show that several particular models considered before fall in the class under discussion.
A. Stringy black hole
In the dilaton gravity with the electromagnetic field, the following exact solution [11] , [12] is known:
Here r + is the horizon radius,
Q is the electric charge, M being mass, ϕ 0 is the dilaton field at infinity.
Let a black hole be extremal,
Then,
In doing so, the horizon area A = 4π lim r→r + r(r − r + ) = 0, the surface shrinks to the point.
In [4] , collision with participation of charged particles was considered. However, this is not necessary since the effect of unbounded γ persists even for collision of neutral ones. Now, eq. (11) applies and we obtain unbounded γ in agreement with [4] .
B. Black hole in Brans-Dicke theory
In the Brans-Dicke theory an exact solution is known (see [6] and references therein):
Here, ω is the parameter of the Brans-Dicke theory, ∆ = r(r − 2M), the horizon lies at r + = 2M. This metric represents the Brans-Dicke counterpart of the Schwarzschild metric (denoted for shortness as the BDS metric). Now,
where we put θ =
Curvature invariants are finite at r = r + for − 5 2
[6]. In this interval, 2ω+3 < 0, and g φ → 0. Simultaneously, g θ → ∞ that compensates the small factor g φ , the horizon area remains finite, A = 4π 2 r + . Now, lim r→r + b = 0, so Eq. (13) applies.
In [5] , the rotating counterpart of the Kerr metric in the Brans-Dicke theory (so-called the BDK metric) was considered. The result γ → ∞ was obtained. Meanwhile, we see that this effect persists even in the BDS metric, so rotation is not necessary here.
VII. JANIS-NEWMAN-WINICOUR METRIC
This metric [13] - [15] can be written in the form
Now,
1−ν , lim r→r + g φ = 0, provided ν < 1. Thus for r = r + the sphere of a constant r shrinks to the point and represents a singular point rather than a regular black hole horizon. In doing so,
To handle the limit N → 0, our approach applies. Three different cases can be considered separately. Following [3] , we assume that E 1 = E 2 = m.
In this case, b → ∞ when r → r + . If, additionally, we assume that collision occurs in the common turning point for particles 1 and 2 having angular momenta of different signs we obtain from (7), (18) that
This coincides with eq. (29) of [3] .
Now, we use (7), (11) . This corresponds just to eq. (31) of [3] .
Now, b(r + ) = 0, (17) gives us
Then, we have from (7) and (13) that
that agrees with eq. (32) of [3] (the extra factor 1/2 in [3] is an obvious typo in passing from their eq. 31 to eq. 32).
A. Geometry versus material source
In [3] , the authors attributed indefinitely high E c.m. to the presence of the scalar field.
This was criticized in [5] where the main emphasis was made on the role of interaction between particles and the scalar field that can lead to diminishing E c.m. . However, the result of infinite E c.m. for collision of free particles in the BDK metric remained in [5] without explanation. Now we see that it is the key property (10) which is responsible for the effect under discussion. Moreover, the material source that supports such a metric can include other fields than the scalar one. Say, the essential ingredient in the case of metric (38) is the presence of the electromagnetic field along with the scalar one.
VIII. SUMMARY
Thus we developed a general approach to acceleration of particles due to near-horizon collisions in the background of axially symmetric rotating black holes, when g φ = 0 on the horizon. In the invariant form this can be written as η µ η µ = 0, where η µ is the Killing vector responsible for rotation. It turned out that, in contrast to the standard case with g φ = 0, now the effect of unbounded E c.m. is obtained for collision of any two usual (not fine-tuned)
particles. The kinematic explanation is found. In contrast to the standard case [8] where a rapid particle hits the slow one near the horizon, now both particles are rapid. The effect is achieved due to the angle between particles.
It is clear from derivation that the source of high E c.m. is not related to the scalar field or any other concrete source. The main factor is the geometry. If condition (10) is satisfied, the effect persists both for naked singularities and regular black hole horizons. If the horizon is regular, vanishing g φ is compensated by high g θ . In this sense, the effect near regular horizons is connected with their high degree of anisotropy. For naked singularities this is not necessary, the isotropic case is also suitable.
The effect exists both for rotating and static (Ω = 0) metrics. In this sense, rotation is not necessary in contrast to the standard BSW effect. Also, there is no need for the electric charge of particles even for static metrics in contrast to the standard case [16] . The effect under discussion reveals itself even for collision of usual particles, so fine-tuning is not required.
Thus the standard BSW effect and the one considered in the present work give complete unified picture, being its different realizations.
It would be of interest to extend the results of this work further relaxing the condition of axial symmetry.
